The paper describes a single perishing product inventory model in which items deteriorate in two phases and then perish. An independent demand takes place at constant rates for items in both phases. A demand for an item in Phase I not satisfied may be satisfied by an item in Phase II, based on a probability measure. Demand for items in Phase II during stock-out is lost. The re-ordering policy is an adjustable (S, s) policy with the lead-time following an arbitrary distribution. Identifying the underlying stochastic process as a renewal process, the probability distribution of the inventory level at any arbitrary point in time is obtained. The expressions for the mean stationary rates of lost demand, substituted demand, perished units and scrapped units are also derived. A numerical example is considered to highlight the results obtained.
Introduction
In inventory models of perishing products the lifetime of the products in the inventory model is described in alternative ways. One assumption is that the product has a fixed lifetime and if no demand occurs for the product within its lifetime, it is considered perished and removed from the inventory. Nahmias (1982) has given an exhaustive survey of the fixed-life perishable inventory literature. Another description of the lifetime is that the product deteriorates continuously in quality over time and eventually perishes. Raafat (1991) has presented a review of the literature on deteriorating (decaying) inventory models. Apart from the lifetime consideration, the deteriorating items have one important kind of interaction on the demand process in the sense that, in addition to the usual demand, there may also be a separate demand for items slightly deteriorated in quality if the cost is comparatively lesser than a new one. For example, vegetables, food, meat and fish loose their lustre as time elapse. A day old vegetable is slightly inferior in quality compared to a fresh one. Such items may be accepted by some customers in the event of non-availability of new fresh ones. There may also be a significantly different demand for slightly deteriorated items due to the fact that they are less expensive. Two-product continuous review inventory models have been studied recently by Yadavalli et al. (2001) , Yadavalli & Joubert (2003) and Yadavalli et al. (2004) .
In this paper, an attempt is made to incorporate the above kind of interaction in the study of deteriorating product inventory systems. Specifically, a continuous review of perishing inventory models is considered with the assumption that if there is no demand for a product in inventory, it passes through two phases and then perishes. An item in Phase I is fresh and in Phase II slightly deteriorated. On leaving Phase II, it is considered perished and removed from inventory or scrapped. Independent demand takes place at constant rates for items in both phases. Demand for an item during Phase I, stock-out may be satisfied by an item in Phase II based on a probability measure. Demand for product in phase II during stock-out is lost. Using the regeneration point technique, various measures of the inventory model are obtained.
The organization of this paper is as follows: §2 lists various assumptions and notations in the description of the inventory model and also provides the auxiliary functions which are needed to describe the behaviour of the process between two successive regeneration points of the underlying stochastic process describing the inventory model. Various performance measures of the inventory model are obtained in §3. A cost analysis is provided in §4 and some numerical results are presented in §5.
Assumptions and auxiliary function
We consider a continuous inventory model under the following assumptions:
1. The item under consideration is perishable.
2. The lifetime distribution of an item is a generalized Erlang distribution with two phases. For the sake of convenience, the items in Phase I are designated as Product 1 and that in Phase II as Product 2.
3. The demand for product i occurs independently with constant rate λ i , i = 1, 2.
4. Maximum storage capacity or total capacity of the inventory level is S and re-order takes place if the total inventory level is s.
5.
At the epoch of replenishment, all items of Product 2 are scrapped (deleted) and the inventory level is raised to S.
6. The lead-time is arbitrary with probability density function f (.), and survivor func-tionF (t) = 1 − F (t).
7.
A demand for Product 1 occurring during the stock-out period can be substituted by an item of Product 2 with probability p if available, 0 ≤ p ≤ 1.
8. A demand for Product 2 occurring during the stock-out period is lost, that is no backlogging is possible.
The following notation is used:
a j : Event that a re-order takes place when the inventory level of Product 2 is j, 0 ≤ j ≤ s. a : Any a j -event, 0 ≤ j ≤ s. r ij : Event that a stock replenishment occurs. S − i units of Product 1 are added to the inventory and j units of Product 2 scrapped from the inventory. r : Any r ij -event, 0 ≤ i, j; i + j ≤ s. l j : Event that a demand for product j is lost, j = 1, 2 g : Event that a demand for Product 1 is substituted by Product 2. d i : Event that a demand for product i is satisfied with product i, i = 1, 2. In order to study the stochastic process (L 1 (t), L 2 (t)), we first note that the r-events constitute a renewal process (see Figure 1 below). Consequently, it is sufficient to describe the behaviour of the inventory process between two successive renewals. Therefore, we introduce some auxiliary functions.
The function P (k, l, t|i, j)
We define P (k, l, t|i, j) = P [Z(t) = (k, l), N (η, t) = 0 | Z(0) = (i, j)], η = a, r to represent the probability distribution of the inventory level in an interval in which neither re-order nor replenishment can occur. To derive an expression for this function, we note that a change in the inventory level may occur due to any one of the following possibilities: 
1.
A demand for product i occurs and is satisfied by product i, i = 1, 2.
A unit of Product 1 perishes and transits as Product 2.
3. A unit of Product 2 perishes.
4.
A demand for a unit of Product 1 occurs during the stock-out period and is substituted by Product 2 with probability p if it is available.
Case 7 (i = 0, j > 0, k = 0, l = j): P [0, j, t | 0, j] = e −(λ 1 +λ 2 +jµ 2 )t .
Case 8 (i = 0, l ≥ 0, k = 0, l < j):
Case 9 (i = j = k = l = 0): P [0, 0, t|0, 0] = 1.
The function φ j (t)
We define
The function φ j (t)dt represents the probability that an a j -event occurs during the interval (t, t + ∆) and there is no replenishment during the interval (0, t], given that an r-event has occurred at t = 0. Hence, we have φ
Then the function W (i, j, t) represents the probability that the inventory level is (i, j) at the time t, where t is the time elapsed since the last renewal. To obtain W (i, j, t), we consider two mutually exclusive cases.
In this case, exactly one re-order is made in (0, t) and it does not materialize up to time t. Precisely, we have 1. The system is in state (S, 0) at t = 0.
2. The system enters the state (k, l) during the interval (u, u + du) where k + l = s and 0 < u < t.
3.
A re-order is placed during the interval (u, u + du).
4. The re-order does not materialize up to time t.
5.
The system enters the state (i, j) at time t.
Using probabilistic arguments, we have
where 0 ≤ k, l ≤ s and k + l = s.
In this case no re-order takes place during the interval (0, t). Hence, we have W (i, j, t) = P [i, j, t|S, 0]. The steady-state probabilities of the system are given by W (i, j) = lim t→∞ W (i, j, t).
To obtain explicit expressions for various performance measures of the model presented in §2, we proceed to define the first-order product density
Mean number of re-orders
Since a re-order is defined as an a j -event, we derive expressions for h ij (t) to obtain the mean number of re-orders. We note that a re-order takes place when the total inventory level enters s. Hence, we have
The mean number of re-orders during the interval (0, t] is given by
Consequently, the mean stationary rate of re-orders is given by
3.2 Mean number of demands for a particular product which is satisfied by the same product A demand for Product 1 being satisfied by Product 1 is represented by a d 1 -event. Hence we derive an expression for h d 1 (t). We observe that a d 1 -event occurs whenever a demand for Product 1 occurs when the inventory level is (i, j) where, 1 ≤ i ≤ S, 0 ≤ j ≤ S and 0 < i + j ≤ S. Hence, we have
In the same way, we obtain
Mean number of lost demand
A demand for Product 1 is lost when the total inventory level is zero or when the inventory level of Product 1 is zero and that of Product 2 is positive, but when the demand is not substituted with Product 2. Therefore, we have
The mean number of lost demands for Product 1 is given by
so that the mean stationary rate of lost demand for Product 1 is given by
In the same way, we have for the events l 2 ,
Mean number of demands for product 1 substituted by product 2
A demand for Product 1 being substituted by Product 2 is denoted by a g-event. We note that a g-event occurs during the interval (t, t + ∆) if the inventory level of the system at time t equals (0, j) for some 1 ≤ j ≤ S, and if a demand for Product 1 occurs during the interval (t, t + ∆) being substituted by Product 2. Hence, we have
Therefore,
3.5 Mean number of units deteriorated from product 1 and transitted as product 2
Since a k 1 -event pertains to the event that a unit of Product 1 deteriorates and transits as Product 2 and a k 1 -event occurs during the interval (t, t + ∆) if the system is in state (i, j) at time t for some 1 ≤ i ≤ S, 0 ≤ j ≤ S and 1 ≤ i + j ≤ S and a unit in Product 1 transits as Product 2 during the interval (t, t + ∆), we have
The mean number of units of Product 1 that have transitted as Product 2 during the interval (0, t] is given by
and the mean stationary rate of units of Product 1 transiting as Product 2 is given by
Mean number of units of product 2 perished and removed from the inventory
The first order product density of k 2 is given by
Hence the mean number of units of Product 2 that have perished and are removed from the inventory during the interval (0, t] is given by
Consequently, the mean stationary rate of perishing of units of Product 2 is given by
Mean number of replenishments
We consider the renewal process of r-events and derive its first-order product density h r (t). We first derive an expression for the probability density function g(t) of the interval between two successive occurrences of the r-events. By definition, we have
In order to derive g(t), we easily derive its survival functionḠ(t). SinceḠ(t) denotes the probability that a replenishment has not occurred up to time t, we have two mutually exclusive cases forḠ(t):
1. A re-order does not occur up to time t.
2.
A re-order is placed during the interval (u, u + ∆), 0 < u < t, but it has not been realized up to time t.
Hence,
However,
Hence, by renewal theory, the mean stationary rate of replenishment is given by
Mean number of units replenished
First, we define the product density
Next we obtain a relation between h r ij (t) and h r (t). We define
and observe that
.
Since at the occurrence of each r ij -event, S − i units of Product 1 are added to the inventory, the mean number of Product 1 items added to the inventory per unit time is given by
Mean number of units scrapped from the inventory
Since, at the occurrence of an r ij -event, j units of Product 2 are scrapped from the inventory per unit time, we have
Cost analysis
Since E[N (l 1 , ∞)] and E[N (l 2 , ∞)] are respectively the mean stationary rates of the two types of lost demands, the cost due to lost demand is given by
The cost corresponding to items of Product 2 perished and removed from the inventory is E[N (k 2 , ∞)]CP . The number of items of Product 2 that are scrapped from the inventory per unit time is
The cost due to this is therefore
Hence the total expected cost per unit time is: 
A numerical example
For the purpose of illustration, we consider a numerical example. Let f (t) = θe −θt , t > 0, θ > 0, λ 1 = 4.0, λ 2 = 6.0, µ 1 = 2.5, µ 2 = 2.5, θ = 2.0, CR = 10.0, CL 1 = 6.0, CL 2 = 5.0, CP = 4.0, and CB = 10.0. By varying the probability p from 0.1 to 0.9 and varying S from 2 to 4, with corresponding possible values for s, we obtain the values, of the mean stationary rates of the following variables: (i) Demand satisfied (ED 1 , ED 2 ), (ii) Demands substituted (EG), (iii) Lost demands (EL 1 , EL 2 ), (iv) Items perished (EK 2 ), (v) Re-orders (ES), (vi) Replenishments (RRAT E), (vii) Units replenished (EU R), (viii) Units scrapped or deleted (EU S) and (ix) Total expected cost (COST ).
The numerical results of the relationship between p and the above variables are summarized in Table 1 Lost Demand (EL 2 ) versus increasing values of p are shown graphically in Figure 2 . Detail results of the numerical example are given in Tables 2-7 for varying values of S and s. 
